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Fundamental law of sequential

and parallel composition ~—
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Goal: connect this with
various semantic models.

e Monads
e Game semantics
e Linear / non-linear logic
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Concrete example: pomsets

Simple processes built from atomic events: (<), (2], ...
and parallel and sequential composition.

Model: pomsets (finite labelled posets).
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Simple processes built from atomic events: (<), (2], ...
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Model: pomsets (finite labelled posets).
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Possible traces:

ta, b, ab, ba,abc, bac
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Concrete example: pomsets

Fundamental law as weak interchange:

angar @;0 Il b:d
Ca b) nille

{ —_—
(cfa)

More generally: a family of maps

PO ;RIS — P;R)IW@Q;S)

forming a natural transformation.




Concurrency in game semantics

E.g. a game
for simple processes.




Concurrency in game semantlcs

Now events are either Player O or Opponent I

Proc ® Proc — Proc

A strategy for
sequential
composition.
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Concurrency in game semantics

The weak interchange law is represented by a map of strategies:

Induced by
simple law
In pomsets.

This is a 2-categorical feature. )



Concurrency and monads



Concurrency and monads

Rivas—Jaskelioff 2019, P-Saville 2024

Definition. A concurrent 2-monad (7, i, 1) is
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Definition. A concurrent 2-monad (7, i, 1) is
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Rivas—Jaskelioff 2019, P-Saville 2024

Definition. A concurrent 2-monad (7, i, 1) is

a “weakly” monoidal 2-monad:
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TTA ® TTB 2= T(TA ® TB) -2 TT(A ® B)
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Consequence: weak interchange law for Kleisli

morphisms:

(M || M) (N[ N) = (MeN) || (M >N

~
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Monads for concurrency. Rivas-Uustalu 2024, Kammar et al. 2026, Dvir et al. 2025.
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Concurrency and monads

Compare with commutativity: for a concurrent monad,

Example: 7X = N X X

TA®TB
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m+ n l — d ﬁ l n+m
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max(n, m)
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1. Examples, monads
2. Concurrency and dialogue structure
3. Linear / non-linear games
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Polarity and negation

* Negative games (Opponent @ always starts)
and positive games (Player @ always starts)
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Concurrency -

» Want combinators & axioms for concurrency
» Key idea: negation equipped with semi) monoidal structure

fork 101
“A® B —2", <(A ® B) ~(A®B) —2**, ~A® -B
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Dialogue categories

-

Def. In a symmetric monoidal category (6, @, I), a return object is an
object L equipped with a choice of function space A — L for every A.

~

/

The object A — | is denoted —A.

N = | > NP

J(
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Mellies, Tabareau 2010

Dialogue categories

4 R

Def. In a symmetric monoidal category (6, @, I), a return object is an
object L equipped with a choice of function space A — L for every A.

/

The object A — | is denoted —A.
4 )

Def. A dialogue category is a symmetric monoidal category (€, ®, 1)

\equipped with a return object L.

Automatically: negation is a functor
-6 > 6P

with convenient properties. In particular = — is a strong monad.

J

V- }



Dialogue 2-categories

(Needed because the weak interchange map is a 2-cell.)

4 Def. A dialogue 2-category is a symmetric monoidal 2-category R
(6, ®, I) equipped with a return object L (where the function space
\A —o | has a 2-categorical universal property). Y

Many examples:

« (Game semantics
* Models of LL.

» Continuation models: response categories, continuation
categories.

(some are bicategories)

30



Concurrent dialogue 2-categories

6efinition. A concurrent dialogue 2-category is a \
dialogue 2-category equipped with:
. forkA,B A Q® B - -(AQ B)

. Join, pz:(A®B) > AR B

* OB —~(A® B)

fork4 B joiny g

P PN
K —~A® B —~A® B j
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Concurrent dialogue 2-categories

Gefinition. A concurrent dialogue 2-category isa | Axioms:
dialogue 2-category equipped with: joiny 5
. forkA,B A Q® B - -(AQ B)

-ARQ B

AB/ N

fork A,B

~

. join, p: (A® B) > "AQ® B -(A® B)
’ fork 4 5 ~(A® B) JomAB « naturality and modification
/’ + monoidal associativity, units
« fork compatible with negation
K ﬁA@ - B ﬁA@ - B ° “hiding” j

s

Theorem: in a concurrent dialogue

2-category, 71 is a concurrent 2-monad.

~
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The double negation 2-monad

H
A =5
~
¥
O
\_ J
S' continue as

- () identityonA
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The double negation 2-monad

continue as
identity on A

40



The double negation 2-monad



The double negation 2-monad

XA,B
——A X ——= 8 — —|—|(A®B)

continue as
identityon A @ B
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X T
TTA ® TTB —— T(TA ® TB) -2 TT(A ® B)

1R u NV 17

TA ® TB p , T(A ® B)




Ve T
TTA ® TTB - T(TA ® TB) —> TT(A ® B)
Hu / U
TAQ® THB > T(A @ B)
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Concurrency @y —/— %

join fork
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Concurrency @y —/— %

v
=1
N ® M N & M) P®-0 % ~(P® Q)
- -
\_

Can’t directly compose them. But consider:

join_p 5 —forkp

—|—|P®—|—|Q >—|(—|P®—|Q) >—|—|(P®Q)—8>P®Q

~

J
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Concurrency @y -—— 2%

—

join fork
AN Q® M MM, (N ® M) -P®-Q —12

> (P ® Q)

]
St
e ]
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Concurrency @y —— 7

—

joiny forkp
“-N® M > (NQ M) “P® -0 > (P & Q)

- PR®-"-Q0—PRQ0 AP ®--0-"%.PR0
\ = \
- J
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Concurrency @y —— 7

—

joiny forkp
“-N® M > (NQ M) “P® -0 > (P & Q)

P —PR0 “=P®-0 25 P®Q
R A
- J
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Summary so far

—(A ® B)
1) SV T fk/ﬂ\

- -A® -B -A® B

—ufok

2) N - J_ > \)//
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Summary so far

—(A ® B)
— 5 fork —join
M
@) VT2
- -A® —-B -A® -B
join —ufork

(2) /V’ > 9P \)//

Abstractly: The adjunction counit €
Is weakly monoidal.
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Summary so far

-(A ® B)
1 fork —join
1) /< L =2/ / I \
- -A® B -A® B

join —ufork

2) N - J_ > 9 \g//

Abstractly: The adjunction counit €
Is weakly monoidal.

Theorem. If a 2-adjunction has weakly monoidal counit (+ detaiss ..) then
the induced 2-monad is concurrent.




1. Examples
2. Concurrency and dialogue structure
3. Linear / non-linear games



Levy 2005, Mellies 2000s.

“Adjunction models”

* |ncludes models of: call-by-push-value, linear/non-
linear logic, LLP, tensorial logic, ...

* Main feature: two classes of types.
* |Induce models for call-by-value and call-by-name.

48



Levy 2005, Mellies 2000s.

“Adjunction models”

* |ncludes models of: call-by-push-value, linear/non-
linear logic, LLP, tensorial logic, ...

* Main feature: two classes of types.
* |Induce models for call-by-value and call-by-name.

Motivation: incorporate concurrency as a 2-categorical
weakening of monoidal structure (which one?).
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Symmetric monoidal adjunctions
'

—
(6,Q,]) 1 (2,XK,J)
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Symmetric monoidal adjunctions
'

—
(6,Q,]) 1 (2,XK,J)
\/
G

« Monoidal structure for F' and G:
FAX FB — F(A ® B) GC ® GD — G(C [X D)
* Unit and counit are strictly monoidal
—> concurrent structure is degenerate.

e Linear / non-linear when @) is cartesian.

49



Mellies 2010, Curien—Fiore—Munch-Maccagnoni 2016.

Non-linear games

Compose a dialogue 2-category with a LNL adjunction.
L 1

Mx)e L+ 2@ L =(%.Q%
Y; =
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Mellies 2010, Curien—Fiore—Munch-Maccagnoni 2016.

Non-linear games

Compose a dialogue 2-category with a LNL adjunction.

. .
M) L 2 (.® Lt =2(% Q%
— =

Grop. Adjunctions in which counit is weakly monoidal compose.)
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Mellies 2010, Curien—Fiore—Munch-Maccagnoni 2016.

Non-linear games

Compose a dialogue 2-category with a LNL adjunction.

7 s
Mx)e L+ 2@ L =(%.Q%
Y, =

Grop. Adjunctions in which counit is weakly monoidal compose.)

Gorollary. Concurrent monad on non-linear category of games. )

e.g. ¢,

50



Summary

TA®TB

SN

T(TAQ B) P T(A® TB)
| = = |
TT(A ® B) TT(A ® B)

o~

T(A® B)

 Model concurrency as a 2-categorical weakening
of monoidal structure.

* Works for monads, linear games and non-linear
games.

 TBD whether there is a general story.
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