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where A is a simple type and Ap is quantifier-free.
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» But not sequential, the model contains:
unitXunit — unit

Q, (0 =0
0, 2 =0
Q, Q =20

» Sequential algorithms (1982)
intensionality
eliminates this program from the model

» precursor of game semantics
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Interpretation of function types
» Dialectica:

A— B=(A—B)x (AxB—A)

A = witnesses of A A = counter-witnesses of A

» Sequential algorithms:
[A— B] ~ ([A] = [B]) x ([A] x Cg — Ca)

[A] = "strategies” on A C4 = "opponent moves" on A
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f:-A— B and @:AXE%E such that
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if x “wins” against ¢ (x,7) then f (x) “wins” against 7

x is a "relative” proof of A w.r.t. ¢ (x,7)
f(x)is a “relative” proof of B w.r.t. 7
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S c (M1, w27
:Cxy B

if 7 is asked on current output [M]; (x)
then we must ask [M], (x, ) on current input x
what is computed and how it is computed
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» Sequential algorithms model partial computations:
general fixpoint combinator Y : (A — A) — A
represented via the order of Scott domains

» Dialectica is only concerned with logical validity:
only total elements

Bridging the gap
» Diller-Nahm variant of Dialectica:

f:A— B and w:AxE%PO(Z)
where Py (A): finite subsets of A

» Encoding of partiality in sequential algorithms:
[M]; : [A] = [B] and  [M],: [A] x Cg — Py (Ca)
with the property that # |[M], (x,7)| <1
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simply-typed A-calculus

parameterized cart. closed cat.

Dialectica sequential algorithms
trivial instanciation instanciation of parameters
of parameters reflecting sequential algorithms

Parameters allow handling specificities of sequential algorithms:
» Order on [A] (Scott ordering)
» Enabling, filling, accessibility of cells m € Ca in states x € [A]
> If [M],(x,m) = {p} then:

» 7 is accessible in [M]; (x)
» pis accessible in x

» A technical difference in the definition of uncurrying
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Parameterized exponential
(W, ¢, <, )W)
=({(f.e) e (W= W) x (WxC —C)|P(f,¢)},
{,m) e Wx C'|Q(x,m)},...)
» Dialectica:
P(f,p)=Q(x,m)=T

» Sequential algorithms:
P(f,v) and Q (x, ) encode specific requirements
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The main theorems

Theorem

The Dialectica instanciation is equivalent to the De Paiva Dialectica
category built from the synactic model of simply-typed \-calculus

Theorem

The sequential algorithms instanciation is equivalent to the category
of concrete data structures and sequential algorithms between them
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Summary
» Godel's functional interpretation is an intensional refinement of
Kreisel's realizability

» Sequential algorithms are an extension of Dialectica that
handles partiality

» Once again, the logical and programmatic approaches lead to
the same concepts

» Duality is pervasive in both interpretations:
witnesses vs. counter-witnesses
strategies vs. opponent moves
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» Linear decomposition:
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Sequential algorithms: Lamarche

» Dependent types

» Many variants of Dialectica:
| use the Diller-Nahm variant
many other variants: bounded interpretation
Herbrand interpretation, etc.

» Game semantics conceptually similar to sequential algorithms

» At a more general level:

connecting functional and intensional approches
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Sequential algorithms as a
Dialectica interpretation

questions?

preprint should be available soon...
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